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Figure 11: Upper panel: Entropy density as a function of temperature for VIHQCD potential

with 5 = 1. Lower panel: Speed of sound squared for the VIHQCD potential (green line), and pure

gluon SU(3) lattice data (orange dots) [40]. Red and blue dashed lines on the right hand side

plot correspond to small black hole solutions, which always turn out to be unstable (see text).
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with 5 = 1. Lower panel: Speed of sound squared for the VIHQCD potential (green line), and pure
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plot correspond to small black hole solutions, which always turn out to be unstable (see text).
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In addition, there is a small gap between the hydrodynamic and non-hydrodynamic degrees

of freedom at arbitrary low momentum, which in turn implies that the crossing happens at

very low value of qc ' 0.14 (see the insert in fig. 13). As a matter of fact, in this case near

the Tm one must always take into account the non-hydrodynamic degrees of freedom in the

description of the system dynamics. Another absolutely fascinating e↵ect observed exactly at Tm

is that the non-hydrodynamic modes, which are purely imaginary for low momenta, join with

the hydrodynamic modes at some finite momentum qJ , and follow them with increasing q. This

e↵ect is illustrated in fig. 13, where the non-hydro1 mode which has two branches joins with the

two branches of the hydro modes respectively at qJ ' 0.14 and qJ ' 1.5. In the same time the

real part develops with both signs, as expected from general considerations (see eq. (30)). This

e↵ect implies the ultralocality violation observed generically in other models, and joining does

not happen for temperatures higher than the minimal one. The final observation from fig. 13

is that the second non-hydrodynamic mode, referred to as non-hydro2, obeys the ultralocality

property, and for high temperatures it becomes the mode detected in the conformal case [3].

Interestingly enough a gaped purely imaginary mode was found in [41]. System considered

there was a holographic dual of superfluidity, and the mode obeying the dispersion relation

! = �i�(T )� iDk2 was found in the superfluid phase. At the critical temperature �(Tc) = 0

and the mode becomes an ordinary di↵usive mode. Despite the similarity we have no good

physical explanation for this behaviour.

Figure 14: Sound channel quasinormal modes for the potential VIHQCD at T = 1.027Tm in

the small black hole branch. Real part (left panel) and imaginary part (right panel). At this

temperatures speed of sound is superluminal and first non-hydro mode shows dynamical instability.

The last point to discuss is the spectrum of modes for temperatures, T1 < T < T2, in the

small black hole branch, which shows anomalously large speed of sound. In fact, c2s > 1/3, and
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for some temperatures it is even superluminal, leading to causality violation. In this range of

temperatures the system does not exhibit any instability in thermodynamic quantities. However,

there appears to be a novel dynamical instability, signaled by the positive imaginary part of

the first non-hydrodynamical mode 4. The di↵erence with respect to the usual spinoidal region

is that for k = 0 the mode stays positive on the imaginary axis. Behaviour similar to the one

found at T = Tm is also found here: first non-hydro mode stays purely imaginary for a range of

momenta, and merges with his partner when the real part is developed. The important di↵erence

in this case is that merging is between two modes of the same physical nature.

8 Discussion

In the present paper we performed an extensive study of the linearized dynamics of excitations

in strongly coupled field theories in the vicinity of a nontrivial phase structure of various kinds.

Generically the e↵ects are visible in the sound channel of the models, while the shear channel

remains less a↵ected.

We observed a number of novel features which were not present in the conformal case. For

relatively small momenta, the propagating hydrodynamical sound modes become more damped

than the lowest nonhydrodynamic degrees of freedom. This provides a more stringent restriction

on the applicability of hydrodynamics and indicates the necessity of incorporating these other

degrees of freedom on appropriate length scales. This is in contrast to the conformal case where a

similar phenomenon only occurred in the shear channel and only at a higher value of momentum.

The richness of phenomena appearing in the linearized regime strongly suggests that it would be

important to study the corresponding real-time dynamics also at the nonlinear level.

A specific prediction could be anticipated in the potential fitted to lQCD equations of state.

Qualitative agreement of transport coe�cients computed in QCD, and predicted by this model

was known before [24] and it is confirmed in our calculations. Our novel predictions, however,

are concerned with non-hydrodynamic degrees of freedom and breakdown of the hydrodynamic

description near the QCD critical region. One specific feature is the ultralocality property obeyed

by nonhydrodynamic modes. Keeping in mind the qualitative nature of those considerations, it

would be a very interesting task to compute similar spectrum in lattice QCD.

We study two systems which exhibit di↵erent types of the 1st order phase transition as

determined by potentials V1st and VIHQCD. We explicitly determined the instability in the

4The nomenclature is chosen because at high temperatures this modes continuously transforms into first non-

hydrodynamic mode.
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Thermodynamics
• 2 more branches! 

• One more stable,               
one unstable
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Speed of sound
• Yet another branch! 

• Thermodynamically unstable
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Speed of sound
• Yet another branch! 

• Thermodynamically unstable
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