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Motivation for FRG

Observation: Considering a point charge, which polarizes
the medium seems like point charge with a modified charge.

Basic idea: Due to the interaction, the measurable
(effective) properties differs from the bare quantities.

Quantum corrections:

- Heisenberg uncertainty AE At > h
2

high-energy reaction for a shirt time is allowed

- Pair production & annihilation MAQM
bosonic propagator is modified due to the pair production

- Self-interaction

proton electron

Interaction is a sum of many tiny- and self interaction

Space
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Motivation for FRG

It is hard to get effective action for an interacting field theory: B
e.g.: EoS for superdense cold matter (T— 0 and finite u)
Taking into account quantum fluctuations using a scale, k q

A

- Classical action, S=I,_, in the UV limit, kK - A

- Quantum action, =, ,in the IR limit, k-0

FRG MethOd Sca|e’ k
- Smooth transition from macroscopic to microscopic

7 > 0
- RG method for QFT €
- Non-perturbative description
- Not depends on coupling Y
- BUT: Technically it is NOT simple
5
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Functional Renormalization Group (FRG)

> FRG Is a general non-perturbative method to determine the
effective action of a system.

> Scale dependent effective action (k scale parameter)

Wetterich
equation

Classical action JIEIEEEEGEGEGEGEGEG—G—_ Quantum
. fluctuations
Integration

included
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Functional Renormalization Group (FRG)

> FRG Is a general non-perturbative method to determine the
effective action of a system.

> Scale dependent effective action (k scale parameter)

Wetterich
equation

> Ansatz for the integration, : I=

- not need to be perturbative
- scale-dependent coupling
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Functional Renormalization Group (FRG)

> FRG Is a general non-perturbative method to determine the
effective action of a system.

> Scale dependent effective action (k scale parameter)

Wetterich
equation

> Regulator
- Determines the modes present on scale, k*

- Physics is regulator independent
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Ansatz: Interacting Fermi-gas model

Ansatz for the effective action:

Cw [, Y] = / d*x [t/) (id — gp) Y + ; (Bup)”® — ""TA:(%D)}

Fermions : m=0, Yukawa-coupling generates mass

Bosons: the contains self interaction terms

We study the scale dependence of the potential only!!
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Local Potential Approximation (LPA)

What does the ansatz exactly mean?
LPA is based on the assumption that the contribution of these two

diagrams are close. (momentum dependence of the vertices is suppressed)

—_
X # X5# oo X g YF#FY# Y n X b g

This implies the following ansatz for the effective action:

T [els] = /d4aj [;szkzg”i/)g sl £/ (15)}
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Interacting Fermi-gas at finite temperature

Ansatz for the effective action:

‘ Wetterich -equation

‘ k4 [1+ 2ns(ws) —1+np(wr — pn) +ne(wr + 1)
1272 W WE
Bosonic part Fermionic part
2 A - 1
Un(p) = 3202+ 220 wi = k2 + g2¢? wg = k? + 02U np/F(w) = 3 - ¢ Bw
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Interacting Fermi-gas at zero temperature

We have two equations for the
T=0, u=0 mmm) np(w) > O(—w) | two values of the step function

each valid on different domain
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Interacting Fermi-gas at zero temperature

We have two equations for the
T=0, u=0 mmm) np(w) > O(—w) | two values of the step function

each valid on different domain

kr = /2 — g2p2, Fermi-surface

40 go
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Interacting Fermi-gas at zero temperature

We have two equations for the
T=0, u=0 mmm) np(w) > O(—w) | two values of the step function

each valid on different domain

k
A
8 e aalaia e Ll et ol ) f 1 4
—— O U — —
12712 | wpg W
by — \/,u.2 — g2p2. Fermi-surface

40 go
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Interacting Fermi-gas at zero temperature

We have two equations for the

T=0, u=0 mmm) np(w) — O(—w) | two values of the step function
each valid on different domain

LS

——————————————— T 4
Y ;. U, = [ — }

Fermi-surface

Fermionic vacuum
fluctuations and
thermodynamic
fluctuations cancel

15
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Integration of the Wetterich-equaiton
k

A / 1.) Fix the high scale couplings in the theory

2.) Integrate the equation
which is valid outside of the
fermi surface

L A DF D

3.) Calculate the initial
conditions for the other

/) ‘ equation inside the fermi
/T ‘ surface
YVVVYV V] -
4.) Integrate the equation which is valid !"L g(l)

below the Fermi-surface
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The boundary
condition mix
the k and go

BUT...

To use the orginal method
we need an initial
condition which do not
have this mixing
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Solution: Need to transform the variables

We can transform the variables
to make the quarter circle into a
rectangle.
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Solution: Circle -» Rectangle transformation
» Coordinate transformation is required with: (&, ¢) — (., y) Ak—
- mapping the Fermi-surface to rectangle u
- Keep the symmetries of the diff. eq.
- Circle-rectangle transformation: r = pr(k), y= §

> Transformation of the potential: Uz.y) = Vo(z) + @z, y)

with boundary condition at the Fermi-surface, V,

. o - e w B LETY 1
> Transformed Wetterich-eq: z0.u = —xVj + y9,u — S \/( = =
: kx)}< 4 dgu
> and the new boundary conditions: i(x =0,y) = a(x,y = £1) = 0.
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Solution of transformed Wetterich by an orthogonal system

> Solution is expanded in an orthogonal basis to accommodate the strict

boundary condition in the transformed area
1

“ﬂ{i‘-: y} m Z En{m}hﬂ{yj hn(lj =0 /dy hn{yjhm (y} = dnm
rr—>_) 0
> The square root in the Wetterich-equation is also expanded:

1

xCy, (T) = /dy B (y) {_J:Lg + yByit — Z 2y (—1;’2) (B24 — ‘u’“)p}

u_}?p—l—l
]

: )
Expanded square root

: . 7T
We use harmonic base: hn(y) = V2 cos qny, an = (2n + 1)5
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Result: The Effective Potential & Comparison

) Potential in
. OU 5/ approximation
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Result: The Effective Potential & Comparison

U @ Potential in one-loop
50 = approximation
- B c f
b e = L053unp 0 / .
j 5 e o Ul w / Higher orders of the Taylor-
e L2 ,’r expansion for the square
1 OF =~ root converge fast where
o f é > the potential is convex
0.5E clg / - coarse grained action
i = \LI_ u:;.’f
= S L ' ' A - ¢/ f,, Solution changes only
B R 2 0.4 0.6 0.8 1.0 | P’ i below Fermi-surface, since
—0.5¢ switch to another equation
; K
i 1.0 = N L e e (et i
S8 Sk D_
}
28 iy
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Result: The Effective Potential & Comparison

U 2 Potential in one-loop
= approximation
2.0¢ c ,-
B _ = . -— f
| 56 pe = LOS3per 9w ,r"; Higher orders of the Taylor-
= L8 / expansion for the square
{ of J Ss ) root converge fast where
! - é >/ the potential is convex
b 4 =\ £ =/ — coarse grained action
i W= /
. (A In the concave part of the
5 potential solution is slowly
—0.5] converges to a straight
- line, because the free
—1.0 energy (effective potential)

must be convex from
thermodynamical reasons
- Maxwell construction
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Result: Phase structure of interacting Fermi gas model

. | Exact FRG solution counts all

quantum fluctuations

.
o

First order
- 1-Loop approximation has only
8 tree diagrams
~ | Mean Filed solution contains
= 9 averaged effect of interactions
© 94-
= = In the phase structure, FRG and
:_3‘ 32 1L are very similar if the LO has
~ 0 the strongest contribution.

o

100 200 300 400 500

Scalar self interaction, A
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Pressure, p [MeV*4]

Result: Comparison of MF, 1L, & FRG-based EoS

1.6x1010
10 |-
1.4x10 Yukawa-interacting Fermi gas EoS in MF approx. —+ i
Yukawa-interacting Fermi gas EoS in 1-Loop approx. £
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Chemical Potential, p [MeV]

/Mean Filed is the stiffest

— 1-Loop approximation

Exact FRG solution softest

(D
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Result: Comparison of MF, 1L, & FRG-based EoS

1.6x1010 . .
P MF is 25% stiffer than the FRG
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Result: Comparison to other E0S models

1.6x1019 Compare FRG to SQM3, GNH3, WFF1
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Mass, M [M_]

Result: Test in a Compact Star

> Compare FRG EoS to SQM3, GNH3, WFF1 —» TOV result on M(R) diagram

25

[
L

=
1

=
wn

MF  +
1-Loop.
Exact FRG-LPA ¥
GNH3 m—
SOMT w—
WFF1

MeanField calculation

FRG result
GNHS3 Glendening, Astph. J. 293,470 (1985)
SQM3 Prakeélé\ﬁfca’, PRD52,.661.(1995)

c-@\. j

Rutaﬂ on

Compare FRG to 1L and MF
- Soft FRG make biggest star

| - High-£ part is similar for all
/ 7 _ - Difference: ~5% (.1 Mg and .5 km)

FRG to SQM3, GNH3, WFF1
- Small stars 1.4 Mg and 8 km
- Overlap with SQM3 at high €
- Interaction (w) will increase

9

Radius, R [km]

10 11
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Mass, M [M_]

> Compare

2.5

=
Ln
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Y
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0.5

Result: Test in a Compact Star

FRG EoS to SQM3, GNH3, WFF1 - TOV result on M(R) diagram
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Mass, M [M_]

Result: Test in a Compact Star

> Compare FRG EoS to SQM3, GNH3, WFF1 - TOV result on M(R) diagram

T I T T T T 3.0 BT T RAANRREREREREE RRRRE LRRES
- 4

25 MF  + MeanField calculation i
1-loop. = 1-Loop Approximation
Exact FRG-LFA ¥ FRG result
GNH3 == GNH3 Glendening, Astph. J. 293,470 (1985) 2.5
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Summary

« FRG method were used to obtain the effective potential for
- One-component Fermi gas with a simple Yukawa-like coupling
- Concave part of the potential converges slowly to a line - Maxwell construction
- Convex part of the potential -» Coarse Grained action
- Chiral phase transition is reproduced —» Order depends on the applied approximation

« EOS can be compared to other ones, close to the SQM3 (Prakash, 1995)
- Softness depends on the approximation (FRG —» 1L —» MF)
- MF differs 25%, 1L differs 10% from the exact FRG solution, slight evolution at high €
- Simple model - Relative small compact stars M< 1.4 M, and R< 8 km
- Size (both mass and radius) sensitive to quantum fluctuations (5% effect)
« Based on FRG method, now we can have a technique to make:
- An effective model for the hardly accessible part of the phase diagram (T=0, finite y, high p)
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Pressure [MeV4]

Result: Comparison to other E0S models

> Compare FRG EoS to SQM3, GNH3, WFF1

1x1010

1x10° f

1x108 F

1x107

I I I I I I
- t et L
f"‘nf
,.«‘“ Yukawa-interacting Fermi gas EoS in MF approx. ——
7 Yukawa-interacting Fermi gas EoS in 1-Loop approx. ——
Exact Yukawa-interacting Fermi gas EoS (FRG-LPA) —k—
| | | | | |
500 600 700 800 900 1000 1100 12(

Chemical potential [MeV]
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